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The statistics of gravity wave momentum ﬂux estimation are investigated using data from the MU radar
at Shigariki, Japan (136°E, 35°N). The radar has been operating during campaign periods since 1986. The
ﬁrst part of the paper focuses on a multi-day campaign during October 13–31, 1986. The second part of
the paper investigates data after 2006 when the radar was operated in a meteor scatter mode. Mo-
mentum ﬂuxes are derived from both the turbulent scatter and the meteor scatter measurements, but
the techniques are quite different. Probability Distribution Functions are formed using turbulent scatter
data. These show that wave packets sometimes have momentum ﬂux magnitudes in excess of
100 m2 s2. The technique for meteor radars, introduced by Hocking (2005), has been widely adopted by
the radar community in recent years. The momentum ﬂux estimated using this technique is found to be
anti-correlated with the background tidal winds. A validation investigation is carried out for periods with
a high meteor echo data rate. The conclusion was that the method can be used to calculate the sign of
momentum ﬂux, but does not accurately specify the magnitude.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Internal gravity waves play a crucial role in the mesosphere.
They may be generated through convection, or wind shear. The
exponential decrease of the atmospheric neutral density with
height, and considerations of energy conservation, suggested to
early researchers that the effects of upwardly propagating gravity
waves were likely to become signiﬁcant at upper heights (Gossard,
1962; Hines, 1972; Lindzen, 1968; Bretherton, 1969). This ex-
pectation has been conﬁrmed by many recent studies (e.g., Yiğit
et al., 2009). The effects include a major role in the momentum
and energy budget of the upper atmosphere (e.g., Holton, 1982;
Yiğit and Medvedev, 2015).
Momentum ﬂux is used to quantify the vertical transfer of
horizontal momentum to higher layers in the atmosphere. This
parameter is particularly useful since it is conserved for a wave
that is propagating conservatively. Eliassen and Palm (1961)
showed that in the absence of friction and heating, small ampli-
tude (linear), stationary (time-independent) waves in a vertical
shear ﬂow are not able to alter the mean ﬂow. This means that the
momentum ﬂux is constant with height. This condition, called the
non-acceleration theorem is applicable to all vertically propagat-
ing atmospheric waves. When conservative conditions, as deﬁned
above, are not present, the vertical derivative of momentum ﬂuxLtd. This is an open access article u
.can be used to quantify a horizontal force per unit mass exerted on
the atmosphere where the waves are dissipating.
Vincent and Reid (1983) pioneered a coplanar-beam technique
whereby ground-based radar can be used to measure momentum
ﬂuxes experimentally. In the case of radar studies the momentum
ﬂux density, i.e., the momentum ﬂux per unit mass (or ﬂux den-
sity) is usually reported with units of m2 s2 Mesospheric mea-
surements require a high radar system aperture power product
which has limited observations to few facilities such as the Buck-
land Park Radar, Australia (e.g., Vincent and Reid, 1983; Vincent
and Fritts, 1987; Fritts and Vincent, 1987), the Saura Radar, An-
denes, Norway (e.g., Placke et al., 2014) the MU Radar, Japan (Fritts
et al., 1990; Tsuda et al., 1990), the Arecibo Observatory, Puerto
Rico (e.g., Janches et al., 2006; Fritts et al., 2006); and the Jica-
marca Observatory, Peru (e.g., Riggin et al., 1997). Except for the HF
systems (Buckland Park and Saura), the other VHF radars are in-
capable of making dual-beam wind measurements at night.
Hocking (2005) introduced a new approach to making mo-
mentum ﬂux measurements using meteor radar. Such radars can
be comparatively modest in size and cost, and can make round the
clock observations of the winds. The technique has been widely
adopted (e.g., Antonita et al., 2008; Fritts et al., 2010, 2012; Placke
et al., 2011a,b; 2015; Andrioli et al., 2013; Liu et al., 2013; de Wit
et al., 2015). However, there have been some lingering concerns as
to whether statistically meaningful estimates of momentum ﬂuxes
can be made over timescales of interest to modellers (Vincent
et al., 2010). If a month of averaging is required the results are
limited to climatological studies. This question of averaging timender the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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discussion of momentum ﬂux estimation.2. Theoretical considerations
2.1. Coplanar beam technique
We begin by looking at the elementary properties of mo-
mentum ﬂux for the symmetric beam conﬁguration as ﬁrst pro-
posed by Vincent and Reid (1983). For the MU Radar experiments
the radar was transmitting in narrow coplanar beams, which were
at a zenith angle of χ¼10° from the vertical. The radial winds were
measured in the four cardinal directions with an additional beam
in the vertical. Turbulent backscatter from a VHF radar like MU
(which operates at 45.6 MHz) is only obtained during the daytime.
The data typically have numerous random gaps, but they are fewer
in number near local noon when the photo-ionization is at a
maximum, and the height with the maximum number of detec-
tions is ∼73 km. Our analysis focuses on this height where the
statistics are optimal, although higher altitudes might be of more
interest from a geophysical standpoint where waves are breaking
and dissipating. Considering one pair of symmetric coplanar
beams, the radial velocity at the positions of the two echoing re-
gions is symbolized by ̇r1 and ̇r2, respectively. The ̇r symbols denote
perturbation velocities, i.e., the time mean and low frequencies
have been removed, including the diurnal and semidiurnal tides. A
high-pass ﬁlter with a band edge of two hours was used for the
MU analysis. Assume that (u w,1 1) and (u w,2 2) are the orthogonal
horizontal and vertical wind component velocities at coplanar
beam positions 1 and 2, respectively. With χ being the zenith angle
we can write,
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The estimators, uˆ and wˆ, are biased estimators, as are the re-
spective variances. This can be seen since the equation for uˆ
contains wˆ terms and the equation for wˆ contains u terms. These
extra terms apply a spatial ﬁltering to the data. If the gravity wave
spectrum contains waves with a horizontal wavelength sufﬁ-
ciently short, the phase difference between the coplanar beams
will produce a bias. In fact, we found that the vertical velocity
ﬂuctuations derived from the east/west beam pair or the north/
south beam pair were systematically larger than the velocity am-
plitudes determined from the vertical beam. Horizontal wave
motions are therefore projecting into the vertical wind estimates
made with the oblique beams and causing a positive bias.The momentum ﬂux only has physical meaning when aver-
aged. In radar data the average is in time and sometimes indicated
by the angular brackets. However, from the equations above we
can write the instantaneous value as
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The estimator for momentum ﬂux is a noisy estimator in that
there are spurious terms, i.e., the term involving −u u12 22 in Eq. (8).
It is an unbiased estimator insofar as the result is insensitive to a
phase difference between beams 1 and 2. However, the spurious
terms may have more control over the length of time required to
obtain a reliable estimate than the low degree of correlation be-
tween uˆ and wˆ, or observational errors in the measurement.
Vincent and Reid (1983) describe the momentum ﬂux as “... the
difference in the mean squared radial velocities….”. Mathemati-
cally the momentum ﬂux according to this view is
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However, if we directly apply Eq. (7), we obtain a slightly different
estimator.
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It can be easily shown that the estimators of (9) and (10) are
different. Assuming we have time series of ̇r12 and ̇r22, the order of
each of these can be randomized. The numerical result of Eq. (9)
will be identical regardless of the order. The numerical result of
(10) will not be identical for different ordering. This difference
does not necessarily imply that the momentum ﬂux estimate gi-
ven by (9) is biased. However, the extent to which the (10) esti-
mate depends on the ordering of the data values may imply the
susceptibility of the estimate based on Eq. (9) to bias. Eq. (10) is a
literal representation of covariance, and in that sense is more
mathematically rigorous. It is possible that Eq. (9) could give a
statistically more stable result when the data acceptance rate is
low. This is because radial velocity estimates could be included in
the variance, even when a valid detection was not made on the
other beam of the coplanar pair.
Eqs. (9) and (10) would be equally valid if the quantity being
averaged is a stationary Gaussian random variable. They may also
give highly similar results with the real processes encountered in
the atmosphere. This will be investigated in a later section. For
some of the radar experiments at Jicamarca (Riggin et al., 1997) the
momentum ﬂux was computed using the (10) estimator. For the
experiments at Buckland Park (e.g., Vincent and Reid, 1983) Eq. (9)
was used. For some MU radar experiments Eq. (9) was applied to
one-hour time segments (Toshitaka Tsuda, private communica-
tion) and these were ensemble averaged to create daily estimates.
This was a reasonable compromise, since stationarity is more
likely to be maintained over shorter time averages.
2.2. Hocking method theory
The Hocking (2005) technique for estimating momentum ﬂux
with meteor radar is an appealingly simple concept. However, a
large matrix needs to be inverted to obtain the momentum ﬂux
components. The technique will not be fully described here, since
Fig. 1. Probability distribution function of the data from October 13, 1986 at 73 km. The x-axis is in units of momentum ﬂux density (fi in the text). The s symbols show the
position of the standard deviation relative to the mean momentum ﬂux (F in the text).
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rivation of the technique begins with the Vincent and Reid (1983)
estimator, Eq. (9). The known values in the linear combination of
equations to be inverted are summations of ̇ri2 multiplied by tri-
gonometric functions that specify the echo position. The summa-
tions do not depend on individual values being sequential. If the
times at which echoes were received were randomized, the
summation would not be altered.
The estimator (9) is supported by a well-known property of
Gaussian stationary random variables
( ± ) = ( ) ± ( ) ( )X X X XE E E . 111 2 1 2
Here, E is the “expected value”, which in the case of radar data is
just the time average. The Hocking (2005) technique begins with
the assumption of Eq. (9) formulation of momentum ﬂux. The
technique is based on minimizing the quantity
( )∑Λ = − ( )v v 12r r2 2 2
where
θ ϕ θ ϕ θ= + + ( )v u v wsin cos sin sin cos 13r
Here the over-bar denotes time averaged wind estimates that are
resolved into the individual meteor detection angles. Note that
time-averaged velocity estimates are derived with conventional
meteor radar processing where w is assumed to be zero.3. Observations and analysis
3.1. Coplanar beam results
Our data processing used ﬁles at the original time resolution of
3 min. A small subset of the data was sampled at 1-min time re-
solution, but there was no signiﬁcant difference in the results
using higher time resolution data. We height averaged the radial
velocities into 2-km height bins. A somewhat coarse vertical
height resolution was used to obtain statistically better estimates.The MU radar measures wind from 60 to 100 km, but for the
purposes of this gravity wave statistical study, data from 73 km are
used. This is the height with the highest proportion of reliable
wind estimates. Waves with vertical wavelengths shorter than
4 km are unlikely to penetrate to the mesosphere, and if they do
are unlikely to contribute greatly to the momentum ﬂux. The data
were detrended with a 2-h running linear ﬁt. The linear ﬁt was
performed with least absolute deviation (LAD) criteria, rather than
a least squares algorithm. This was deemed necessary since there
are large jumps, or intermittency, in the time series. These are
often seen at adjacent heights and are therefore unlikely to be
artifacts. These outlying should not be excluded from the time
series, but at the same time should not dominate the linear ﬁts.
Most statistical measures, such as error bars, are based on the
assumption of a Gaussian distribution. If the momentum ﬂux is
non-Gaussian, these criteria are somewhat suspect. Some im-
pression of the legitimacy of momentum ﬂux estimates can be
found by looking directly at the probability distribution functions
(PDFs) of the momentum ﬂux. We quantized the momentum ﬂux
into 39 linear bins extending from 100 to þ100 m2 s2. At each
time-step of the data a momentum ﬂux is determined and then
assigned to a momentum ﬂux density bin that we denote as fi.
When the assignment is made to particular bin, the number in
that bin is incremented by one. At the end of the averaging, the
number accumulated in each bin is divided by the number in all
the bins to convert this value to a probability. Thus, the mo-
mentum ﬂux at a ﬂux density value fi on the x-axis has a corre-
sponding probability Pi on the y-axis. The zeroth moment of the
distribution is Σ =P 1i . The ﬁrst moment of the distribution is the
total momentum ﬂux Σ( = · )F f Pi i . The second moment of the dis-
tribution provides the standard deviation or width of the dis-
tribution, σ Σ= ( ( − ) · )f F Pi i2 1/2.
The PDF for the ﬁrst day of the 19-day campaign is shown in
Fig. 1. The distributions are comprised of slightly over 100 in-
dependent samples and were collected over ∼4.5 h of operation.
The left-hand panel shows the zonal PDF which has a standard
deviation, s¼28 m2 s2, as labelled on the x-axis, while the mer-
idional PDF has a standard deviation of s¼22 m2 s2. For a
Gaussian distribution there is a 68% probability that the mean
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zonal distribution is skewed to the left, consistent with the mo-
mentum ﬂux of 〈 ′ ′〉 = − −uw 5.1 m s2 2. Based on the large standard
deviation it would be expected that not even the sign of the mo-
mentum ﬂux could be determined, but inspection of the PDF
shows that it can be measured with reasonable accuracy. The
dotted lines show Gaussian functions with standard deviations
that are the same as the actual PDF. The actual PDFs exceed the
Gaussian at the peak, and also exceed the Gaussian distribution in
the PDF wings at high values of | |fi . A reasonable judgement is that
Fig. 1 represents the minimum number of samples (∼100) needed
to deﬁne the distribution. Some of the bins within the distribution
are devoid of values. Making the bins wider could eliminate the
empty bins, but at the cost of blurring the shape of the distribu-
tion. The PDF for 71 km looks quite similar to that of Fig. 1, but it
should be noted that, in general, the continuity of momentum
ﬂuxes from height-to-height does not guarantee their validity. The
same waves’ packets will pass through adjacent heights, so the
PDFs will be similar, although perhaps poorly sampled.
Fig. 1 shows PDFs for a typical day, although a day was chosen
with a somewhat lower than usual number of samples. However,
there is considerable variability in PDF shapes, even for con-
secutive days. Fig. 2 shows PDFs with a higher number of samples
(∼200), so presumably greater statistical reliability. The zonal PDF
is skewed to the left, corresponding to predominantly westward
propagating wave activity ( ′ ′ < )uw 0 . The wing of the PDF extends
out to 100 m2 s1 and beyond to even larger negative values.
The momentum ﬂux from the ﬁrst moment Fuw¼14.3 m2 s1,
and we can be conﬁdent of the sign, although the standard de-
viation is large (s¼41). The momentum ﬂux computed directly
from the time-series (i.e., Eq. (10)) is FEW¼42.5 m2 s1. The va-
lues in the time-series include product values (e.g., 〈 ′ ′〉uw ) with
magnitudes greater than 100 m2 s1. This demonstrates that
packets with large amplitudes | ′ ′| >uw 100 can be major con-
tributors to the total momentum ﬂux, and outlying values should
be removed with great care. Note that the negative meridional
momentum ﬂux Fvw¼11.1 m2 s1 is consistent with the visible
skewness of the distribution, even though the standard deviation
s¼29 m s1 is considerably larger than the magnitude of Fvw. TheFig. 2. Same as Fig. 1, but for a moremeridional momentum ﬂux calculated from the time-series is Fvw
¼39.3 m2 s1. The extremely wide PDFs are unusual, but not
unique to this day of the campaign.
The PDFs of Figs. 1 and 2 were calculated using estimator (10).
Using (9) gives a nearly indistinguishable result, but how do the
estimators compare for longer time averages? Fig. 3 shows PDFs
derived from 19 days of data, October 13–31, 1986, consisting of
∼5000 samples. The bottom row is using the (10) estimator and
the top row uses the (9) estimator. Eq. (9) estimator PDFs are
highly irregular, showing that the stationarity assumption is vio-
lated. The time over which this degradation occurs probably de-
pends on the geophysical conditions. Therefore, the (9) estimator
should only be implemented for averages not longer than a day.
This has implications for the Hocking (2005) technique as dis-
cussed in the following section.
The PDFs reinforce conﬁdence that momentum ﬂuxes can be
estimated with a limited number of samples. Now we investigate
how they can help determine intrinsic properties of the waves.
Instead of deﬁning the x-axis of a PDF in increments of momentum
ﬂux density (fi), the data can be quantized in units of the ratio ′ ′w u/
(or ′ ′w v/ ). There is no recognized name for this quantity, but we
will call it aspect ratio (ri). According to the linear gravity wave
dispersion relation, r¼ ωˆ N/ , where ωˆ is the wave intrinsic fre-
quency. A gravity wave is linearly polarized if its intrinsic fre-
quency is high compared to the inertial period ( ωˆ⪢f ). The linear
relation is valid in our case since we used a high-pass ﬁlter with
band edge of two hours to obtain perturbation values and the
inertial period at the latitude of the radar is ∼21 h.
Fig. 4 (lower panels) show the probability of an estimate cor-
responding to a particular value of ri. The ﬁgure should be com-
pared with Fig. 2 which shows another presentation of the data for
the same day (October 30, 1986). From a SABER climatology the
buoyancy period for the month of October is 2π/N¼6 min, so the
frequency at the end points of the x-axis in Fig. 4 corresponds to
this period. Note that there is a notch of near zero values around
ri¼0. This is expected because we removed the low observed
frequencies by high-pass ﬁltering, also mostly removing the low
intrinsic frequencies. The upper panels show the momentum ﬂux
contributed by each bin of ri along the x-axis. The bottom panelsatypical day, October 30, 1986.
Fig. 3. PDFs derived from 19 days of data comparing the result obtained from estimator (9) (top row) and estimator (10) (bottom row). The ﬁrst moment (momentum ﬂux) is
labelled on the x-axis of each PDF.
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westward direction ( ′ ′ <w u/ 0) and southward direction
( ′ ′ <w v/ 0). The zonal momentum ﬂux is strongly peaked at 
195 m2 s2 with the corresponding peak in the bottom panel of
∼32 min. The meridional momentum ﬂux peaks at 147 m2 s2
and the corresponding period in the bottom panel is 26 min.
During this day, there is evidently a gravity wave of large ampli-
tude, and ∼30 min period propagating towards the southwest. For
the total momentum ﬂux integrated over all ri bins, refer to Fig. 2.
The conditions on this day are abnormal, so the analysis of
Fig. 4 is repeated for a 19-day average as shown in Fig. 5. The
westward and southward momentum ﬂux dominates. The mo-
mentum ﬂux is transported by waves with a broad range of in-
trinsic frequencies. All waves contribute. However, the peak mo-
mentum ﬂux is transported by waves with an intrinsic period of
32 min in the zonal component, and 26 min in the meridional. The
peaks of momentum ﬂux are unchanged from Fig. 2. For the totalFig. 4. Probability distribution function of the data from October 30, 1986 at 73 km is
explanation). The top panels show the momentum ﬂux contributed by each bin of ri, wintegrated momentum ﬂux refer to Fig. 3.
We now will examine what amplitudes of horizontal and ver-
tical wind contribute to the momentum ﬂux. The bottom row of
panels in Fig. 6 repeats the 19-day PDFs shown in Fig. 3. For each
bin of the fi axis we can decompose the horizontal/vertical velocity
product into the velocity components, ui, vi, and wi. This is done in
the upper two rows of panels in Fig. 6. Fig. 6 provides information
about wave amplitudes that compose the momentum ﬂux, per-
taining especially to the wings of the distribution. The contours are
in units of probability of occurrence within the momentum ﬂux-
amplitude domain. There are only three contour levels of 103,
102, and 101. Given these low probabilities it is evident that
most of the ﬂuctuations are concentrated in the center of the plots,
i.e., small amplitudes and small momentum ﬂuxes. The velocities
are clustered around dominant velocity amplitudes. The ′u panel
(left center) shows amplitudes clustered around 715 m s1. The
′v panel is similar, but the ﬂuctuations are constrained to lowershown in the lower panels. The x-axis is in units of aspect ration (ri), (see text for
hich can be averaged to determine the total momentum ﬂux for the day.
Fig. 5. The same as Fig. 4, except for a 19-day average.
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and top right for the north/south beams) look considerably dif-
ferent. We do not have an explanation. The east–west ′w values
are localized around 75 m s1. Recalling that the Brunt Väisällä
period is 6 min we can roughly estimate the intrinsic period of the
waves in the wings of the PDF to be about 18 min. An accurate
estimate is not possible for the meridional component, but the
north–south ′w values are smaller, implying a longer gravity wave
intrinsic period.
3.2. Hocking technique results
In 2006 upgrades were made to the MU radar which included
installation of 25 receivers. This allowed simultaneous detection of
meteors at different locations in the sky. The data rates are prob-
ably among the highest that have been achieved with a meteor
radar. We will investigate a 5-day interval of meteor radar ob-
servations. The mean winds during the time period are shown in
Fig. 7 as calculated using conventional least-squares ﬁtting tech-
niques. As can be seen there are extremely large tidal motions in
both the meridional component (upper traces) and the zonal
component (lower traces). The traces are offset by 80 m s1 and at
times the peak amplitude of the tide approaches this offset value.
A perturbation version of the data set was created by ﬁtting a
sliding least absolute deviation (LAD) slope to 2-h segments of the
data. The Hocking method was then applied to 3-h time segments
of the perturbation version of the data with the criterion that only
time segments containing 200 or more points were accepted. It
was found by trial and error that with fewer points all height
continuity in the estimates was lost. The result is shown in Fig. 8.
No compositing or averaging of the momentum ﬂux estimates
is made in forming Fig. 8. The momentum ﬂuxes appear to have a
tidal modulation, although there is no vertical phase progression.
In order to study the relationship of the momentum ﬂux var-
iations with the tide we average the momentum ﬂux and mean
horizontal winds over 81–95 km. The result is shown in Fig. 9. The
horizontal wind and momentum ﬂux are in anti-correlation. The
waves are evidently being ﬁltered by the mean winds. This ﬁlter-
ing might occur, even though the waves do not encounter critical
layers. When the wave is propagating downstream in the wind it
undergoes refraction. The intrinsic frequency is decreased and the
vertical wavelength contracts making it more susceptible todamping. The anti-correlation is seen during all the few multi-day
runs of the MU radar that made meteor observations. This ﬁnding
is also consistent with the behavior reported by Liu et al. (2013),
using a meteor radar on Maui, Hawaii.
The Hocking (2005) momentum ﬂux values come from in-
verting a 66 matrix. There is no way to look at interim values, or
separate eastward and westward ﬂux contributions, much less
calculate a PDF. In this sense it is a “black box” and difﬁcult to
validate.
In the literature reporting results from the Hocking (2005)
technique (e.g., Antonita et al., 2008; de Wit et al., 2015) the
momentum ﬂux was estimated over rather short data segments of
45 min to 2 h. This is a convenience, since mean with data with a
similar time step is conventionally available from conventional
processing techniques. The Hocking (2005) paper is provided as a
justiﬁcation, following his recommended technique, where his
guidance was that 30 meteors per hour were sufﬁcient to obtain a
stable result. However, the results in the previous section Coplanar
Beam Technique Results suggest that at least ∼100 samples are
needed to obtain a valid estimate. Presumably this is why pub-
lished results using the Hocking (2005) technique almost in-
variably composite the short term momentum ﬂux values into a
month average. The meteor rate has a large variation over a
diurnal cycle, so the composite must be done for individual local
time bins. The monthly momentum ﬂux average at each height is
thus typically composed of 100 or more estimates.
We investigated what happens when a longer time series is
used as an input to the matrix. The motivation was to test for
consistency of the estimate by demonstrating convergence to a
stable solution over a day. It should be emphasized that this not
intended as an operational technique to measure momentum
ﬂuxes, because the diurnal variation in data rate will produce a
bias. Instead it is intended as a test of the technique itself, since the
momentum ﬂux estimate should become stable after some to-be-
determined number of hours. As the length of the time series that
is used as an input to the matrix inversion algorithm is increased,
the statistical ﬂuctuations will decrease. Of course it must also be
kept in mind that the underlying geophysical conditions are
changing, so the answer will only converge to a certain degree.
For this convergence test a 90–92 km height range was chosen
which had the highest data rate. The MU radar collects data on a
campaign basis so there are a limited number of days where the
Fig. 6. The bottom row of panels shows PDFs of momentum ﬂux (Fuw and Fvw) for a 19-day average as in Fig. 3. The two upper rows decompose the individual orthogonal
velocities to provide probability densities of the amplitude as a function of F.
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days were selected with the highest data rate, but with no other
criteria as to year or season. There are two days in October 2006,
two days in December 2006, two days in January 2007, three days
in August 2007, two days in November 2007, two days in August
2008, one day in October and December of 2008, and two days in
September 2011. The dates are random other than that they are
when the data rate was maximum. The result of our analysis is
shown in Fig. 10.
In Fig. 10, each trace is a day of observation. They are not in-
dividually distinguished. In each case the averaging begins with a
half-hour average and is increased in half-hour increments to 24 h.
In the ﬁrst few time increments, there are wild swings in the
momentum ﬂux estimate that exceed the vertical axis limits of the
ﬁgure. The top horizontal scale enumerates the average number of
estimates at each time increment of the average. Note that the
estimates do not converge to a fairly constant value until there
∼1000 estimates, or in some cases even more.Inspection of Fig. 10 shows that the estimates decrease in
magnitude monotonically. They converge to values that are uni-
formly much less than one in magnitude. They are implausibly
small. The data rates for other radars are much smaller, so con-
vergence is probably not feasible. Most of the traces in Fig. 10 do
not cross the x-axis before asymptoting to near zero. Therefore, it
appears that the technique can predict the sign of the momentum
ﬂux. However, the asymptoting of the traces suggests that the
Hocking (2005) technique cannot reliably determine the mo-
mentum ﬂux magnitude, since the value is highly dependent on
the averaging time. For longer time averages the correlation be-
tween horizontal and vertical motions is lost.
A possible reason for the unrealistically small estimates can be
inferred from the experiments performed with the narrow beam
radar conﬁguration as discussed in the previous section. Data were
collected from the four off-vertical beams, but in addition there
was a vertical beam. Therefore, as an exploratory test we tried
calculating momentum ﬂuxes using the off-vertical beams for the
Fig. 7. Raw horizontal winds calculated in 1-h time increments and 2-km height intervals from meteor scatter data.
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The resulting ﬂux estimates were also unrealistically small. It must
be the case that the vertical and horizontal wind information must
come from the same location in space. When the estimates come
from different locations the correlation (hence the momentum
ﬂux) is reduced. With the Hocking (2005) technique horizontal
and vertical wind information is mixed over a wide ﬁeld of view
and correlation between the ﬁelds diminishes in time.4. Conclusions
Gravity waves are difﬁcult to study quantitatively, because they
exist in a continuum of waves of different amplitudes and periods.
In this paper PDFs were investigated as a means of quantifying the
distributions. This is somewhat analogous to spectral analysis.
PDFs have a few advantages, although they do not replace spectralFig. 8. Momentum ﬂuxes calculated using the Hocking (2005) technique in 3-h increme
hatched regions denote times/heights for which there were less that 200 points to pe
amplitudes see the online version of this color ﬁgure.)analysis. The MU radar mesospheric data have many random gaps
due to failed Doppler wind retrievals. The number of gaps pre-
vents the use of Fast Fourier Transforms. A more cumbersome
Blackman and Tukey (1958) technique must be used, building up
the spectra from autocorrelation functions. The computation of
PDFs is insensitive to gaps. Also PDFs are an effective way to look
at the distribution of momentum ﬂux. This can be done with co-
spectra, but the result is noisy, due to the low correlation between
horizontal and vertical wind components (Fukao et al., 1988;
Nastrom and Fritts, 1992).
The accuracy of momentum ﬂux estimates was evaluated em-
pirically, by looking at PDFs. By inspection it was found that with
as few as 100 estimates, there is no ambiguity in the sign of the
momentum ﬂux, even when it was as small as 5 m2 s2. The
standard deviation overestimates the uncertainty of the estimate.
Our ﬁnding is that momentum ﬂux is more easily measured than
predicted from the assessments of Kudeki and Franke (1998) andnts. The bottom panel shows 〈 ′ ′〉uw and 〈 ′ ′〉v w is shown in the top panel. The cross
rform the momentum ﬂux estimate. (For accurate representation of the contour
Fig. 9. Height averages of the momentum ﬂuxes from Fig. 8 are shown with red traces and lines with "dot" symbols (right-hand axes). The horizontal mean wind calculated
in 2-h increments is shown in black (left-hand axes). Both ﬁelds are averaged over a 81–95 km height range. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)
Fig. 10. Momentum ﬂuxes are calculated using the Hocking (2005) technique (bottom panel is zonal and top panel meridional). The multiple traces are for 16 days (see text).
The momentum ﬂux is calculated for a time average of one half-hour and then the averaging time is incremented in half-hour increments to 24 h. The top axis numbers show
the average number of samples that compose the average.
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momentum ﬂux. These modelling studies came to a pessimistic
conclusion that as much a month of averaging might be required
to measure momentum ﬂux.
The PDFs of momentum ﬂux have a pointed shape with the
peaks with the wings enhanced relative to a Gaussian distribution.
This characteristic was universal as seen in many years of MU
radar data, although this paper only presented a small sample. The
shape of the spectrum is characterized by a higher moment called
kurtosis (Pearson, 1929). A Gaussian PDF has a kurtosis of one,
while our PDFs had higher values. High Kurtosis distributions are
associated with intermittency (Scott, 2004).
The PDFs reveal much more information about the wave ﬁeld
than the momentum ﬂux (ﬁrst moment). A broad PDF that is
symmetric will have very different effects when the associatedwaves propagate vertically than would a narrow PDF, even though
the net momentum ﬂux is negligible in both cases. It may prove
useful to provide various speciﬁcations (moments) of the PDFs for
realistic simulation of gravity waves in models.
The momentum ﬂux contribution as a function of intrinsic
frequency is fairly uniform from the Brunt Väisällä out to a period
of two hours. At the latitude of the MU Radar the tides are often
quite large. The turbulent scatter radar measurements can only be
made during hours of daylight. This complicates the interpretation
of momentum ﬂuxes using this technique, particularly above
85 km, where the tides reach large amplitudes.
Our ﬁndings demonstrate that the Hocking (2005) technique
can be used to estimate the sign (i.e., direction) of momentum ﬂux.
However, the magnitude of momentum ﬂux is not accurately de-
termined. Meteor radars are useful tools for studies of
D.M. Riggin et al. / Journal of Atmospheric and Solar-Terrestrial Physics 142 (2016) 98–107 107mesospheric winds and are widely dispersed at many locations
around Earth. Therefore, a technique to measure momentum ﬂux
would be highly desirable. However, these radars have inherent
limitations. The echo position and the Doppler velocity from the
small region of specular reﬂection can be determined with high
precision using interferometry. It might then be expected that
three detections closely separated in time would be enough to
determine the velocity components, including the vertical velocity.
Experimentally, unrealistically large vertical velocities are often
obtained. The meteor trails are a rapidly diffusing minor con-
stituent and do not act as a passive tracer of the wind. The max-
imum lifetime of a meteor trail in the mesosphere is 10 s (Liu et al.,
2014). Therefore, there is an inconsistency in regarding meteor
ionization as a passive tracer for gravity wave motions. There is no
assurance that transport determines the observed velocity per-
turbations, especially since the meteor trail is undergoing rapid
deformation. Xu and Smith (2003) investigate this issue in the
context of mesospheric sodium ion layers.Acknowledgments
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